
BME Mathematics Contest 27 April 2016 1315�1700, IB025

�Corrected answers are handled out for a look-through to all participants turning up
in o�ce 666 from 11:00 till 13:30 on 3 May. All interested are cordially invited to the
ceremonial announcement of results taking place in QB402 from 16:15 on 12 May.
� Each exercise worth 10 points. Partial solution are considered, too. In exceptional
cases one can even receive more than 10 points on a problem (for example, in case of
interesting generalization or multiple solutions).
� Each problem should be answered on a separate piece of paper. Each handled
in paper should carry the exercise number as well as the name and NEPTUN code of the
participant.

1. At most how much can be the sum of distances
∑

j<k d(pj, pk) if p1, . . . pn are points
on a unit sphere (of some � not necessarily 3-dimensional � Euclidean space)?

2. Let f(x) = limk(1 + x5 + x10)(1 + x5
2
+ x2(5

2)) . . . (1 + x5
k
+ x2·5

k
). Find the natural

number n (if exists at all), for which

n∑
j=0

1

j!

(
d

dx

)j
f(x)

∣∣
x=0

= 1000.

3. A BME student with e1000 cash entered in an illegal gambling club and started
playing a game in which e1 is won or lost each round. (Rounds are independent and the
chance of winning is the same in every round.) Story goes that after round nr 666, the
student stood up from the table, uttered some words � which, for reasons of decency,
are not reproduced here � and left the place with e500 less. Based on this news, what
is the chance that apart from the beginning, there was a moment when the student could
have still left without a loss? (Try presenting a concrete number as an answer, rather
than a formal expression which is impossible to evaluate on a piece of paper.)

4. For a given m ∈ N, the functions f1, . . . fn és g1, . . . gn satisfy the equation

n∑
k=1

fk(x)gk(y) = (x+ y)m

for all pairs of reals x, y ∈ R. Can n be smaller or equal than m?

5. Prove that
∫ π
−π e

sin(x) dx > π(e− 1
e
). Hint: �rst work out a recurrence relation for the

value of the integral In =
∫ π
−π sin

n(x) dx.
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6. Suppose x ∈ R is such, that there exist in�nite pairs of relative primes a, b ∈ N
satisfying the inequality |x − (a/b)| < 1/bn+1. Prove that x cannot be the root of a
polynomial p 6= 0, deg(p) ≤ n whose coe�cients are all integers.

7. 9 cities have airports in a country where the principle of free competition is not much
respected. Of course the use of every single airport requires a (separate) licence. Each
city major can grant a licence valid to the city's local airport to at most 3 companies
and naturally on no route there should be a competition of �ights. Show that if direct
air connection is desired between any two of the 9 cities, then 10 companies may, but 11
surely cannot operate domestic �ights in this country.

8. There are n circles on the plane with radii r1, . . . rn. Their placement is such that if a
line does not intersect any of them then all circles must fall to the same side of the line.
Prove: the circles can be covered with a single disc of radius

√
2R where R = r1 + . . . rn

and that in fact the same can be done with even a smaller disc of radius R.

Hint for the stronger version: try placing the disc's origin to some weighted average

position of the circles.

9. For two n tuples of bits (i.e. 0's and 1's) b = (b0, ... bn−1) and c = (c0, ... cn−1) we
de�ne their convolution d = b ? c with the formula dk =

∑n−1
j=0 bjck−j where of course

multiplication and summation is meant mod(2) while the k− j appearing in the index is
meant mod(n). Prove that the number of n-tuples satisfying the equation b ? b = b must
be an integer power of 2.

Remark: the number of solutions depends on n in a rather chaotic manner so it must be

di�cult to describe it with a concrete formula. However, perhaps the claim can be proved

without explicitly counting the number of solutions..

10. For n matrices A1, . . . An of size n× n, let

D(A1, . . . An) :=

(
d

dx1

)(
d

dx2

)
. . .

(
d

dxn

)
det(x1A1 + . . .+ xnAn).

Verify that the given n-fold derivative is a constant function, and that A1, . . . An 7→
D(A1, . . . , An) is linear in all of its variable. Compute the value of D(A1, . . . An) in a
concrete manner when A1, . . . An are all of rank 1 and use the obtained formula to prove
that D(A1, . . . An) ≥ 0 whenever A1, . . . An are all positive semide�nite matrices.
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