
BME Mathematics Contest 10 April 2017 1615–1915, IB026

—Corrected answers are handled out for a look-through to all participants turning up
in office H666 from 11:30 till 13:30 on 26 April. All interested are cordially invited to
the ceremonial announcement of results as well as the following reception at the cafeteria
taking place on the 4th floor of building Q from 17:15 on 4 May.
— Each exercise worth 10 points. Partial solution are considered, too. Also, sometimes
one can receive even more than 10 points on a problem (e.g. by providing interesting
generalizations or multiple solutions).
— Each problem should be answered on a separate piece of paper. Each handled
in paper should carry the exercise number as well as the name and NEPTUN code of the
participant.

1. Prove that 3
√√

5 + 2− 3
√√

5− 2 = 1.

2. For a convex polytope K let K̃ be the smaller polytope whose vertices are the mid-
points of the edges of K. Show that if ∆1 and ∆2 are tetrahedrons with a common
barycenter, then ∆1 ⊂ ∆2 implies that ∆̃1 ⊂ ∆̃2.

3. We choose 3 points in a uniform and independent manner on a bar of unit length and
then slice it at the marked points. What is the probability that all resulting pieces will
be longer than t? Using the obtained expression (or by any other means) compute the
expected length of the shortest piece.

4. Derive a simple closed form (i.e. no n-term sum) expression for
∑n

k=1 k sin(k).

5. We are to draw a graph with 666 edges. Its vertices are already marked on our paper
and its first 633 edges are curved carefully so that they avoid intersection. Give an upper
bound (as good as you can) on the number of intersections that – at most – we could
need in order to finish the draw.

6. Let X be a real random variable,M a positive constant and f a real function satisfying
|f ′(x)| ≤ M for all x ∈ R. Prove that σ(f(X)) ≤ Mσ(X). (Here σ is the standard
deviation of the random variable.)

7. p1, p2, p3 and p0 are points on a plane. Is it possible that the distance between any two
is integer and not divisible by 3? And in 3 dimensions? Hint: express the scalar product
between the vectors ~vj = pj − p0 (j = 1, 2, 3) using the distances between the points.

8. Find all connected, simple graphs G with 10 vertices having the following property:
the degree of any vertex of any breadth-first search tree of G is either 1 or 3.

9. Let f be a continuously differentiable monotonuosly decreasing (f ′ ≤ 0) but nowhere
negative (f ≥ 0) function on the real line. We are trying to find a constant c for which
we surely have the inequality(∫ ∞

0

x2f(x) dx

)2

≤ c

∫ ∞

0

xf(x) dx

∫ ∞

0

x3f(x) dx.

What is the best – i.e. smallest – such constant?

10. The absolute value of a real square-matrixM is the only positive semidefinite matrix
|M | such that |M |2 = M tM . Prove that |Tr(M)| ≤ Tr(|M |).


